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Abstract

Normative reasoning plays a role in thinking about how things should
or should not be. Such perceptions occur everywhere from the personal
to the organizational scale. In some situations there is uncertainty about
norms for example currently there can be uncertainty about whether hav-
ing to shake hands. In this thesis, we develop several logical formalism’s
for representing and reasoning about uncertainty in regard to norms.
Where uncertainty is represented by probability and norms are repre-
sented by deontics. Both concepts have their own logic and the idea is to
combine the two into one logic. First a logic will be developed that is able
to express probability about normative statements, like ”the probability
that one is obliged to shake hands is 0.5”. Afterwards the formalism is
extended to represent an agent’s uncertainty about normative statements
but also about other agent’s their uncertainties. Then we will go even
further by considering the same uncertainty paradigms for conditional
obligations. For every logic multiple definitions will be given, namely:
Language, Models, Satisfaction, the Axiomatization & proof of Soundness
and Completeness. Keywords: Deontic Logic, Probabilistic Logic,
Uncertainty, Obligation, Formalization
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1 Introduction

Artificial Intelligence is the field that attempts to simulate intelligence. The
field has many sub fields of which some more popular than others. At the
moment of writing Machine Learning has ushered in a new AI hype. Before
Machine Learning the hypes were brought about by Logic. Still the AT sub field
of Knowledge Representation and Reasoning develops. But what happens when
Artificial Intelligence is actually created? Will all of humanity be exterminated,
as some movies seem to imply? Underneath the ideas on which these movies
are based lies a struggle between ethical versus lawful. When an Al is created
we can ask ourselves the question should it be ethical or should it be lawful?
An ethical Al might classify humans to be unethical and thereby decide to
exterminate them. While a lawful Al might do the same based on loopholes
in the law. Of course it can also be that the AI, however it is implemented,
thinks well of people and wants to work with them in either of the situations.
Furthermore when we try to solve it by saying that the AI should be both then
what happens when ethical rules and lawful rules clash? Notions that capture
this type of thoughts are uncertainty and obligation. For both of these notions
logics exist that formalize them namely respectively: Probabilistic Logic and
Deontic Logic.

More specifically Deontic Logic is the logic that formalizes deontics; ”that
which is binding or proper”. The Deontic Logics used in this project are Monadic
and Dyadic Deontic Logic. These logics are modal logics and make use of a lan-
guage similar to propositional logic. The Probabilistic Logic used in this project
utilizes a propositional language and a Kripke structure which is extended with
weight formulas depicting probability. Also two types of Probabilistic Logic will
be introduced, their most interesting difference is their probability structure.
Deontic and Probabilistic Logic are used to formalize respectively the concepts:
obligation and uncertainty. Namely Deontic Logic formalizes obligation and
Probabilistic Logic formalizes certainty. The goal of this project is to combine
these logics into one logic Probabilistic Deontic Logic: P®L. This logic will then
be able to capture the described notion: uncertainty about obligations.

1.1 Related Work

Previous work already shows two promising methods by combining Probability
theory with a formalization of Deontics. In the paper ”A probabilistic deontic
argumentation framework” probability and deontics are used in an argumenta-
tion framework [9]. In this paper two argumentation frameworks are merged one
probabilistic and the other deontic. The probabilistic argumentation framework
encapsulates the deontic argumentation framework. The deontic argumentation
framework is is ASPIC+-like and adds deontic principles to this. ASPIC+ is
an argumentation framework that is meant to generate abstract argumentation
frameworks in the sense of [14]. The probabilistic argumentation framework
associates probability to different argument labelings. These methods are com-
bined into a framework in which different labelings of a deontics containing
argument are assigned a probability. Another paper titled ”Learning Behav-
ioral Norms in Uncertain and Changing Contexts” [10] specifies a probabilistic
deontic logic for use in relation to robots learning norms. The logic uses the
deontic concepts: Obligation, Forbidden, and Permitted. Furthermore each de-
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ontic formula is able to take a subscript for the circumstances. For example to
denote that it is forbidden to talk in a library, the subscript library can be used:
Flivrarytalk. The probability of a formula is denoted as a superscript to the
deontic symbol, with a lower and an upper bound. The lower bound is related
to the belief in the formula and the upper bound relates to the plausibility of
the formula: Fz[zobz (’li]ytalk. In this way probabilistic deontic formula’s are repre-
sented in [10]. Even though these approaches combine deontics and probability
one is in argumentation theory and not plain logic and the other does not give
a thorough formalization.

1.2 Overview of project

The plan for this project is to construct a logic that is able to describe un-
certainty towards obligations. This will be done with regards to the following
topics:

e Syntax & Semantics
Formulae
Model

Satisfaction
e Axiomatization
e Soundness & Completeness

Also Deontic Logics and Probabilistic Logics will be introduced with regards to
the same topics. Except a proof of soundness & completeness will not be given,
since this can be found in the literature. After the introduction of the logics
four constructions of P®Lwill be given. Then after this in the Conclusion &
Discussion section design decisions and possible further research will be pointed
out.

Please note that the logics are introduced with notation close to their usual
notations. In the section that defines P®L we will introduce modified notation
which will be useful to keep objects with similar properties apart. Furthermore
we denote with P the set of atom propositions and with Q the set of rational
numbers with is denoted; which is used to keep the set of weight formulas
countable.
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2 Background Work

In this section two logics will be introduced. The logics are Deontic Logic and
Probabilistic Logic. Of both logics two variants will be introduced. These logics
are relevant to this project because they formalize the notions that we want to
combine: obligation and uncertainty.

2.1 Deontic Logic

Deontic logic is the logic that formalizes the old greek concept Deontic. This
concept can be interpreted in multiple ways but the conventional meaning is
Obligation or Ought [13]. There are multiple logics that can be seen as Deontic
Logic: Monadic Deontic Logic, Dyadic Deontic Logic, Input Output logic, Stan-
dard Deontic Logic, etc. Here two modal logics will be given in detail namely:
Monadic Deontic Logic and Dyadic Deontic Logic.

2.1.1 Monadic Deontic Logic

Monadic Deontic Logic is a modal logic and introduces the deontic operator O, it
uses O much alike the necessary operator [J but with a different axiomatization
[15]. The operator can be bound to a formula ¢: O¢ meaning ¢ is obligatory,
the language is given by the following definitions. The O operator is different
from O in axiomatization in that it includes the D axiom: O¢ — P¢.

Syntax & Semantics

Definition 1 (Formulae). The language L of monadic deontic logic is generated
by the following BNF (Backus Normal Form):

[Lyupr] ¢u=pl-9¢|oANd |09 peP

The construct O¢ is read as "It is obligatory that ¢.” Other connectives are
derivable:

disjunction oV is (= A=g')
implication & — ¢ is (—p) V&'
equivalence ¢ @ is (¢ —= ¢ )N (¢ — o)
verum T s oV ¢
falsum il s =T
permission P¢ is -0—-¢
prohibition Fo s O—¢

The above Backus-Naur Form (BNF) is a convenient abbreviation for the follow-
ing alternative definition. The language of monadic deontic logic is the smallest
set L such that:

e PCL
o Ifope L, then ~¢p € L and Op € L
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e IfoecLandyp € L, then dp N € L
A model in MDL is given by the following definition.

Definition 2 (Relational model). A relational model Mypy, is a tuple Mypr, =
(W, R,V) where:

e Wis a (non-empty) set of states (also called "possible worlds”); W is
called the universe of the model.

e RCW xW is a binary relation over W. It is understood as a relation of
deontic alternativeness: sRt (or, alternatively, (s,t) € R) says that t is an
ideal alternative to s, or that t is a "good” successor of s. The first one
is "good” in the sense that it complies with all the obligations true in the
second one. Furthermore, R is subject to the following constraint:

(Vs € W)(3t € W)(sRt) (seriality)

This means that the model does not have a dead end, a state with no good
SUCCESSOT.

o V: P 2W is a valuation function assigning to each atom p a set V(p) C
W (intuitively the set of states at which p is true.)

The following definition gives defines satisfaction of formulas inside the just
defined models.

Definition 3 (Satisfaction). Given a relational model Mypr, = (W, R, V) and
a state s € W, we define the satisfaction relation Mypr,s Evpr ¢ (read
as "state s satisfies ¢ in model Myrpr”, or as ’s makes ¢ true Mpypr,”) by
induction on the structure of ¢ using the following clauses:

® Mupr,s Empr p iff s € V(p)

e Muypr,s Evpr —¢ iff Mupr, s Evpr ¢

* Mupr,s Eupr ¢ AN iff Mupr,s Evpr ¢ and Muypr, s Eupr ¥
e Muypr,s Evpr O iff for allt € W, if sRt then My pr,t Empr ¢

Axiomatization The axiom system commonly used in Monadic Deontic Logic
is the following system [8] referred to as system D.

Propositional Reasoning:
PL. I ¢, where ¢ is a propositional tautology
MP. If - ¢ and - ¢ — @ then ¢
Reasoning with O:
O-K. FO(¢p = ¢) = (0O — O)
O-D. FO¢p — P¢
O-Nec. If F ¢ then - O¢
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The axiom system uses two axioms for Propositional reasoning: PL. and MP.
Then to axiomatize the operator O three axioms are used, two of these are
standard modal axioms that can be find for all modal operators which are: O-
K. and O-Nec. In this case the axioms are written using the O operator when
describing the alethic J operator one would instead of O use L. The extra axiom
needed to axiomatize O is O — D and describes that if something is obligatory
it is also permitted.

2.1.2 Dyadic Deontic Logic

Monadic Deontic Logic as explained uses the alternativeness relation R to model
which states are good alternatives of other states. But this system is only able to
express situations in which all obligations are met versus situations where not all
obligations are met. Alternatively it would be good to be able to rank alternative
states where the best states are the ones where all obligations are met and the
worst states are ones where none of the obligations are met. Monadic Deontic
Logic can be modified to be able to deal with this problem. This is done in
Dyadic Deontic Logic this is a non-normal version of deontic logic. In this logic
the O is treated differently, namely as a conditional operator. Unconditional
obligations can still be expressed through O(¢|T). Therefore DDL is viewed
as a generalization of MDL. Where MDL uses a valid successor relation (for a
state s if sRt then t is a valid successor) to make the relation ought (O) explicit
in the models. DDL requires, due to the change to a conditional obligation
operator, a different relation between states. This is due to the possibility of an
agent not following a primary obligation (ie. O(¢|T)) while succeeding to follow
a contrary to duty obligation (ie. O(3|—=¢)). When the primary obligation is
not fulfilled the state is not an optimal successor, though when the contrary to
duty obligation is fulfilled the state is preferred over one in which the contrary
to duty obligation is also not fulfilled. Ranking the possible states in this way
determines which states are optimal in DDL. The logic DDL is given by the
following definitions.

Syntax & Semantics

Definition 4 (Formulae). The Language of DDL is generated by the following
BNF:

(Lppr] ¢u=pl=¢ oA [To|0¢|O(¢l¢) pelP

O¢ is read as "¢ is settled as true”, and O(¥|d) as ") is obligatory, given ¢”.
@ 1is called the antecedent, and 1 the consequent. P(1|¢) (" is permitted, given
@) is short for =O(—)|@), Op (7¢ is unconditionally obligatory”) and P ("¢
is unconditionally permitted”) are short for O(¢|T) and P(¢|T), respectively.
Q¢ is short for =[d—¢. Other Boolean connectives are as defined in definition
1.

The DDL model is given by the following definition.

Definition 5 (Preference model). A preference model M ppy, is a tuple Mppy, =
(W, =, V) where:

e W is a (non-empty) set of states (also called ”possible worlds”). W is
called the universe of the model.
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o > is a binary relation over W ordering the states according to their relative
goodness. s =t is read as ”state s is at least as good as state t”.

o V: P 2W is a valuation function assigning to each atom p a set V(p) C
W (intuitively the set of states at which p is true.)

The language and models of DDL are connected through satisfaction of formulas
in states of the model. The satisfaction relation is defined as follows.

Definition 6 (Satisfaction). Given a preference model Mppr, = (W, =,V) and
a state s € W, we define the satisfaction relation Mppr,s Eppr ¢ as:

* Mppr,sFEppLp iff s € V(p)

* Mppr,s Eppr ~¢ iff Mppr,s Fppr ¢

* Mppr,s Fppr ¢ ANV iff Mppr,s Eppr ¢ and Mppr,s Fppr ¥
e Mppr,s Eppr B¢ iff, for allt € W, Mppr,t EpprL ¢

* Mppr,s Eppr OW[¢) iff best([|4]) < [|¥]|

where ||@|| is the set of states that satisfy ¢ ie. ||p|| ={s € W | Mppr,s EppL
¢}. And best(A) the subset of states in A C W that are optimal according to
> best(A) = opt. (A) ={s€ A|Vte A s=t}.

Lastly the preference relation has a few properties that should properly be
introduced. The properties are given by the following definition.

Definition 7 (Properties of ).

reflexivity: Vs srs

transitivity: Vs, t,u sEtAt>=u—>s>=u
totalness: Vs, t s=tVt>=s

limitedness: lloll # 0 — opt.(||ol) # 0

These properties are given in [8] to describe the relation ». Intuitively these
properties make sure that all states of a model can be compared with each other.
Also it assures, with the limitedness property, that infinite sequences of better
than (no best) are ruled out.

Axiomatization Lastly an axiomatization of the proof system of DDL. DDL
has multiple proof systems; three systems introduced in [8] are E, F and G.
The following system of axioms is system E this is the basic proof system, F
adds an extra axiom to it and G adds an extra axiom to F.

Propositional reasoning:
PL. ¢, where ¢ is a tautology from PL
MP. If - ¢ and F ¢ — ¥ then F ¢
Reasoning with [:
O-K. D¢ = v) — (O¢ — O)
O-T. O¢p — ¢
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0-5. =0¢ — O-0¢
O-Nec. If - ¢ then F ¢
Reasoning with O(—|—):
COK. O(¥ — x|¢) = (O(¥[¢) — O(x|9))
id. O(¢|9)

Sh. O(xl(¢ A ) = O((¥ = x)l¢)
Interplay of [J and O(—|—):

Abs. O(il¢) — LO(Y|9)
Nec. Oy — O(¥|9)

Ext. O(¢ < 1) — (O(x|¢) < O(x|))

System F is formed by adding the rule (O-D*) to system E. This axiom is
useful since it rules out the possibility of conflicts between conditional obliga-
tions.

(0-D*) 06 — (O(¢[0) = P(¢[0))

And system G is formed by adding the rule (Sp) to system F. This ax-
iom is equivalent to the principle of rational monotony: (P(v|¢) A O(x|¢) —
O(x|o A ).

(Sp)  P[o) AO((¥ = X)|¢) = O(xl(¢ A )

Since system E is conventionally used it will be used in the construction of
P®L. System F or G could also be used given the straightforward modification
of the axiom system and semantics.

2.2 Probabilistic Logic

Probabilistic Logic is a logic that allows probability into the language. Prob-
ability can be used to describe multiple things, one of the nice properties of
probability is that the total amount of probability is 1, furthermore probabili-
ties are non-negative. In this project probability is used to model uncertainty.
In this section two probabilistic logics are introduced these are [2] and [1]. Both
logics use the same type of probability measure, but they have a different prob-
ability structure. Now the probability measure will be introduced since both
logics use it. But before the probability measure can be given two concepts need
to be defined.

Definition 8 (c-algebra). The o-algebra of a set S is a collection £~ of subsets
of S that includes S itself, is closed under complement, and is closed under
countable union. The power set is an example of a o-algebra.
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Definition 9 (Measurable model). A model M is measurable if
lo* e 2

for every ¢ € L.

Where L is the language of model M and 2 is defined on the set of states S
in M. Now using the o-algebra and notion of measurable model we can define
a Standard Probability Measure.

Definition 10 (Standard Probability Space). A Standard Probability Space is a
tuple (S, Z', ). Where S is a set of states or possible worlds. & is a o-algebra
of subsets of S whose elements are called measurable sets. And p is a standard
probability measure defined on the measurable sets. Thus p: 2 — [0,1] and
satisfying the following properties:

Pl. (X)) >0 forall X e
P2 pu(S)=1
P3. p(Uisy Xi) = Doy w(X5), if the X;’s are pairwise disjoint.

Now the logics can be further given using this definition of a Standard Prob-
ability Measure.

2.2.1 Type 1 Probabilistic Logic

The logic introduced in the paper ” A Logic for Reasoning about Probabilities”
[2] introduces a logic which can be used to reason about probabilities, this is
achieved using weight functions. A primitive weight term is a term that wraps
the function w() around a propositional formula ¢: w(¢$). A weight term scales
such terms and can consist of a sum involving multiple terms: a;w(¢1) + ... +
arw(¢r). A basic weight formula is an inequality involving a weight term:
aw(er) + ... + apw(dr) > a.

Syntax & Semantics

Definition 11 (Formulae). Let ® denote the set of propositional formulas which
is the set P closed under conjunction and negation. The Language of the Type
1 Probabilistic Logic is generated by the following BNF, with a1, ...,ax, a € Q:

[['Tlfprob] f H= alw((bl) +- anw(d)n) Z « | _'f | (f A f) d) €

The construct w() in the construct w(¢) > « stands for "weight” and depicts
the probability (certainty/uncertainty) with respect to a formula ¢. The language
also gives rise to other connectives namely:



2 BACKGROUND WORK 11

disjunction FVvfois “(=f A=)

implication = f s vy

equivalence [ f s (f= N = 1)

verum T s fv-f

falsum 1 s -7

lesser or equal than Z aw(p;) <a is Z —a;w(¢;) > —«
i=1 =1

equality iaiw(@) =a is Zaiw(qﬁi) > a/\iaiw(@) <a
i=1 '

i=1 i=1
n n
strictly greater than Z aw(p;) > a is —\(Z a;w(d;) < a)
i=1 i=1
n n
strictly lesser than Z aw(p;) < a is —\(Z a;w(d;) > )
i=1 i=1

Definition 12 (Type 1 - Model ). A probability structure My [2] is a tuple
M1 = (S, X, pu, w) using a standard probability measure, where:

e S is a set of states or possible worlds.

o 2 is a o-algebra of subsets of S whose elements are called measurable
sets.

e i is a probability measure defined on the measurable sets. Thus p: Z —
[0,1].

e T associates with each state in S a truth assignment on the primitive propo-
sitions in P. Thus w(s)(p) € {true, false}, for each s € S and p € P.
Furthermore 7(s) is extended in the usual way to evaluate truth of all
propositional formulas.

Definition 13 (Satisfaction). A model satisfies a weight formula in the follow-
ing circumstances, with ay, ..., ax, o € Q:

o (Mr1,8) E O NV iff (Mr1,8) E ¢ and (Mr1,5) E

o (Mr1,8) E ¢ iff (Mri1,s) @

o My arw(éy) + .+ apw(dr) > o iff arp(¢7) + o+ apu(6) > a
Where ¢-#T1 is given by

¢ = {s e S| 7(s)(¢) = true}.
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Axiomatization The paper [2] also provides a complete axiomatization named
AXpypas—11- This system of axioms gives a sound and complete axiomatiza-
tion of valid formulas in the measurable case. The formulas f and g both are
formulas of L71_prop, and ¢ and 1 are formulas of ®

Propositional reasoning:
PL. All instances of propositional tautologies
MP. From f and f — g infer g (modus ponens).
Reasoning about linear inequalities:
I1. z > z (identity)

12. (@121 + ... + agzr > ¢) < (a121 + ... + akxg + 0zk11 > ¢) (adding and
deleting 0 terms)

I3. (a2 + ... + apxr > ¢) = (5,25, + ... + aj,x5, > ¢, if ji,...,Jk is a
permutation of 1,...,k (permutation)

I4. (a1z1 + ... +agzr > ) A (ajz1 + ... Fajzr > ) = (a1 +a))zr + ... +
(ax + al)zr > (c+¢')) (addition of coefficients)

I5. (a1z1+...+agxg > ¢) < (dayzy+...+dagzy, > de) if d > 0 (multiplication
of nonzero coeflicients)

16. (t>c¢)V (t <c)iftisa term (dichotomy)
I7. (t > ¢) = (t > d) if t is a term and ¢ > d (monotonicity)
Reasoning about probabilities:
WI1. w(¢) > 0 (nonnegativity).
W2. w(true) =1 (the probability of the event true is 1).
W3. w(od A ) +w(pA ) =w(d) (additivity).
W4. w(p) = w(v) if ¢ <> ¢ is a propositional tautology (distributivity).
W5. w(false) = 0 (the probability of the event false is 0).

Of these axioms W1, W2 and W3 correspond to P1, P2 and P3 of Definition
12.

2.2.2 Type 2 Probabilistic Logic

In "Reasoning about knowledge and probability” [1] the knowledge operator
K is used to create sentences like K;¢: i knows that ¢ is the case, (with 7
denoting agent 7). But also in combination with weight formulas K;(w;(¢) > «)
which is also written compactly as K&(¢): ¢ knows that the probability of ¢
is atleast a. The language introduced in [1] allows nesting this means that
¢ can be a formula containing weight functions and/or knowledge operators.
This means the following formulas are possible K;(w;(¢) > «) (i knows that
for j the probability of ¢ is atleast a), w;(K;¢) > a (for i the probability that
j knows ¢ is atleast a), K;K,;¢ (j knows that ¢ knows that ¢ is the case),
w;(w;(¢) > a) > B) (for i the probability that for j the probability of ¢ is
atleast « is atleast () but also even deeper iterations.



2 BACKGROUND WORK 13

Syntax & Semantics

Definition 14 (Formulae). Let ® denote the set of propositional formulas which
is the set P closed under conjunction and negation. The Language of the Type
2 Probabilistic Logic is generated by the following BNF, with a1, ... ,ak,a € Q:

Lro—prov] fru=0¢ | arwi(fi)+- +anwi(fn) >a|~f | fANFIKf ¢e®

The construct w; s() in the construct w; s(f) > a stands for "weight” and de-
picts the probability (certainty/uncertainty) attributed by agent i in state s with
respect to a formula f. The language also gives rise to other connectives equiv-
alent to definition 11.

Definition 15 (Type 2 - Model ). A Kripke structure Mo for knowledge and
probability (for n agents) is a tuple Mrs = (S, 7, 1, ..., Hn, P) using standard
probability measure, where

S is a set of states or possible worlds.

e T associates with each state in S a truth assignment on the primitive propo-
sitions in ®. Thus 7(s)(p) € {true, false}, for each s € S and p € P.

e % is an equivalence relation on the states of S, for i = 1,...,n. The
relation is intended to capture the possibility relation according to agent
i:(s,t) € if in world s agent i considers t a possible world. We define
Hils) ={s' | (s,5') € H}.

o Z is a probability assignment, which assigns to each agent i € {1,...,n}
and state s € S a probability space P(i,s) = (Sis, Zi,s» li,s) Where
— Si,s €S a non-empty subset of S.

— Zis 15 a o-algebra of subsets of S; s whose elements are called mea-
surable sets.

— s 1S a probability measure defined on the measurable sets. Thus
His - %,s — [O, 1]

Definition 15 shows the assignment of a probability space to each combination
of state and agent. The assignment consists of a set of considered states .5; 5, a
o-algebra set on that set of states Z; ; and a probability measure p; 5.

Definition 16 (Satisfaction). Satisfaction of a weight formula in a Type 2
Model is defined as follows using induction:

o (Mr2,s) Ep (forp € @) iff n(s)(p) = true

(Mr2,8) E fNgiff (Ar2,s) = [ and (Mr2,8) E g
(Mr2,8) E ~f iff (Mra,s) = f

(Mr2,5) E Kif iff (Mr2,t) = f for allt € H(s)
AMr

F oaiwi(fi) + .. + awi(fe) > o iff aipis(Sis(f1)) + .. +
ak i s(Sis(fi)) > o

With S; s(f) ={s' € Si.s | (Mr2,5") = [}.

)
)
)
)
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Axiomatization For the sake of completeness provided are axioms used in
this logic for usage of the K operator. The axiomatization AX;gas_72 is an
expansion and modification of the axiomatization of the logic introduced in the
previous subsection; ie. Definition 2.2.1 type 1 probabilistic logic. Epistemic
axioms are added in this axiomatization and agent subscripts. Later when
constructing a P®Lvariant with this type of logic the epistemic part will be
removed. The formulas f and g both are formulas of Lra_prop.

Propositional reasoning:
PL. All instances of propositional tautologies
MP. From f and f — ¢ infer g (modus ponens).
Reasoning about linear inequalities:
I1.-I7. see axiomatization in Section 2.2.1
Reasoning about probabilities:
W1. w;(f) > 0 (nonnegativity).

W2. w;(true) = 1 (the probability of the event true is 1).

W4. w;(f) =w(g) if f <> g is a propositional tautology (distributivity).

i
(

W3. wi(f A g)+wi(f A—g) = wi(f) (additivity).
(

W5, w;(

false) = 0 (the probability of the event false is 0).
Reasoning about knowledge:
K2, (K;f NKi(f — g)) = Kig.
K3. K;f — f.
Kd. Kif — KiK;f.
K5. ~K;f — K;~K;f.

N. From f infer K;f (knowledge generalization).
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3 Probabilistic Deontic Logics

The goal of this section is to formalize a Probabilistic Deontic Logic (0®L) that
is able to express uncertainty about obligations. The logics that will be used
for this combination are the logics introduced in the previous section, Section
2. Those logics are Monadic and Dyadic Deontic Logic and two types of Proba-
bilistic Logic. Four P®Lconstructions will be made, each of them involving one
Deontic Logic and one type of Probabilistic Logic. Examples of how to combine
the logics can be drawn from [2, 1].

The notion that will be expressed by P®Lis uncertainty about obligations.
The first construction will involve MDL and the type 1 Probabilistic Logic.
This means that the construction should be able to formalize sentences of the
following form: w(O¢) > «. Furthermore due to nesting we should consider
whether O(w(¢) > «) is allowed into the logic. Nesting of operators will be
restricted to the extent that sentences of type O(w(¢$) > «) ie. Obligation that
¢ is uncertain, are prohibited. The reason for this is that the primary sentences
that should be expressible are of the type w(O¢) > a. When O(w(¢) > «)
is allowed into the logic both of the formulas need to be interpretable under
the same semantics. This is difficult to guarantee, this topic will be further
discussed in Section 4. In later constructions the logic will be modified to allow
(1) uncertainty about someone else’s uncertainty and (2) uncertainty about
conditional obligations.

In the coming subsections four model constructions will be presented. The
four constructions are only different with regards to the logics they combine.
The four combinations are constructions possible from the previously explained
four types of logic. Namely MDL or DDL combined with Probabilistic logic with
a Type 1 or Type 2 probability structures, this results in four combinations. To
combine these logics a function will be used, 7, that relates the deontic worlds to
probabilistic states. In each of the combinations 7 is a pivotal part of the model
construction. This function will allow the content of deontic worlds —a deontic
state will be called a world for disambiguation purposes— into the states of the
probabilistic model. Due to the way 7 works, the type of possible sentences is
constrained. Namely the obligation operator can not take a probabilistic formula
as an argument, as explained earlier is preferred. Lastly throughout the section
rational numbers are used ie. numbers from Q this keeps the number of possible
formulas involving w() countable.

Each of the following subsections will be dedicated to one of the possible
combinations for constructing a probabilistic deontic logic. In the subsections
definitions and or re-definitions will be given. Also it is possible that a definition
will be reiterated for the sake of comfort, or that large parts that do not change
will be left out. Furthermore the topics that will be discussed in each subsection
are:

e Syntax & Semantics
Formulae
Model

Satisfaction

e Axiomatization
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e Soundness & Completeness

An example will be used to illustrate each logic and to have a baseline of
comparison for the different constructions. The example is about the relation
between ethical and lawful rules.

3.1 Type 1 Monadic P2

The first P®L construction we discuss is a construction of MDL with a proba-
bility structure of type 1 probabilistic logic. This is relatively the simplest con-
struction since it uses the simpler probability structure and the normal modal
deontic logic. This construction serves to some extent as a starting point from
which we can develop the other constructions. This is due to the central idea
(1) used in the construction being introduced here next to other constitutional
definitions. We will shorten the name Type 1 Monadic Probabilistic Deontic
Logic to M1-P®L, later constructions will be abbreviated in an equivalent way.

Syntax and Semantics In this section the syntax and semantics of this
initial P®Lconstruction is presented. This logic contains two types of formulas:
standard deontic formulas of MDL, and probabilistic formulas based on the ones
found in [2]. Let Q denote the set of rational numbers, which is used to keep
the set of probabilistic formulas countable.

Definition 17 (Formulae). Let P be a set of atomic propositions. The lan-
gquage LleDEDJl of type 1 monadic probabilistic deontic logic is generated by

the following two sentences of BNF' (Backus Naur Form):

[Lyvpr] pu=pl-dl (@A) |00 pelP
[Lan—poe]l [ o= aiw(dn) + - +anw(dn) Z a | ~f [ (fAS)

The construct O¢ is read as "It is obligatory that ¢”, and w() in the construct
w(¢) > « stands for "weight” and depicts the probability (certainty/uncertainty)
with respect to a deontic formula ¢. Both languages also give rise to other
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connectives namely:

disjunction OV o s —(=0 A —0")
implication 60— 0" s (=0) Vv ¢
equivalence 0«0 is O—=0)YN(O —0)
verum T s v -0
falsum 1 s =T
permission Py s =0—¢
prohibition Fo¢ is O—¢
n n
lesser or equal than Zaiw(qbi) <o is —a;w(p;) > —a
i=1 i=1

equality iaiw(@) =a is Zaiw(d)i) > 04/\2%‘“’(@) <a
i=1

i=1 i=1

n n

strictly greater than Z a;w(p;) > a is - Z a;w(¢;) <
i=1 i=1
n n

strictly lesser than Z a;w(p;) < o is - Z a;w(p;) > «
i=1 i=1

Note that with 6 are denoted either formulas ¢ € Ly;py, or formulas f €
‘CM1—DD£' Mixing of the formulas from L;py, and EMl—DEDJl is not included
in the language. For example, O(p V q) A w(Ogq) > 0.9 (p or ¢ is obligatory and
the probability that ¢ is obligatory is 0.9) is not a formula of the language. The
reason for using two languages is that the formulas ¢ come from MDL. These
formulas ”live” in MDL models and are incorporated into a probabilistic model
therefore the two languages do not interact in the way described. The language
of M1-P®Ldoes however use the language of MDL as arguments for its weight
terms. Now the semantics of M1-P®Lis introduced.

Example 1. Following the example introduced above about rules of ethics and
law, the fact that a rules is considered established might be expressed by the
probabilistic statement “the probability that one is obliged to protect life is at
least 0.9”. This sentence could be formalized using the introduced language as

w(Oq) > 0.9.

Definition 18 (Model). A M1-P®Lmodel is a tuple M = (S, X", u, 7), which
combines monadic deontic logic models with a type 1 probability structure:

e S is a non-empty set of states
o 2 is a o-algebra of subsets of S

o u: 2 —[0,1] is a standard probability measure as defined in Definition
10.

e T associates with each state in S a tuple containing a monadic deontic
model and one of its worlds: T(s) — (Ds,ws) where:
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— Dy = (Ws, Rs, Vi) is a model of monadic deontic logic.
— wys € Wy is a world wg in Wy of model Ds.

Example 1. (continued) Assume a finite set of atomic propositions {p,q}.
Let us consider the model M = (S, 2", u, ), where

° S — {57 S/, SH7 8///}
o 2 is the set of all subsets of S

e 1 is characterized by: u({s}) = 0.5, p({s'}) = p({s"}) = 0.2, u({s"}) =
0.1 (other values follow from the properties of probability measures)

e 7 is a mapping which assigns to the state s, Ds = (Wy, Rs,Vs) and ws
such that

= Wy = {wy, wa, w3, wy}

= Ry = {(w1,w2), (w1, ws), (w2, w2), (w2, ws), (w3, wa), (w3, w3), (ws, wa),
(w4,w3),(w4,w4)}

= Vi(p) = {w1, w3}, Vi(q) = {w2, w3}

— Ws = W1

Note that the domain of T is always the whole set S, but in this example
we only explicitly specify 7(s) for illustration purposes.

This model is depicted in Figure 1. The circle on the right contains the four
states of the model, which are measured by p. Each of the states is equipped
with a standard pointed model of MDL. In this picture, only one of them is
shown, the one that corresponds to s. It (1(s)) is represented within the circle
on the left. Note that the arrows depict the “good” alternative relation R. If we
assume that q stands for “protect life”, like in the previous example, in all good
successors of wy the proposition q holds. Note that, according to Definition 3,
this means that agents in wy are obliged to protect life.

Figure 1: Model M = (S, 2", u, 7).
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Next the satisfiability of a formula in a model can be defined. First the truth
of a deontic formula in a state of a P®Lmodel is given. This definition is in
accordance with the standard satisfiability relation of MDL =y pr-

Definition 19 (Satisfaction). Let M = (S, 2", u, 7) be a measurable probabilis-
tic deontic model. We define the satisfiability relation | recursively as follows:

o M= ¢ iff for all s € S, (Ds,ws) Expr &

o M| ajw(¢r) + -+ apw(de) = a iff arp(lloa]) + - + awplllonll) = o
o ME=~fuff M~ f

e M=fAgiff M=fand M =g

For a model M = (S, 2", i, 7) and a formula ¢ € Larpr, let ||¢|™ denote the
set of states that satisfy ¢, i.e.,

61" = {s € S| M, s |= ¢}

We omit the superscript M from ||@||M when it is clear from context. The
following definition introduces an important class of probabilistic deontic models,
so called measurable models.

The focus is on measurable structures and completeness is proven for this
class of structures.

Definition 20 (Measurable model). A probabilistic deontic model is measurable

if
ol € 2

for every ¢ € Lypr.

Example 1. (continued) Continuing the previous example, according to Def-
inition 19 it holds that M,s = Oq. At this point it is also possible to speak
of the probability of the obligation to protect life. Assume that T is defined
in the way such that M,s' = Oq and M,s" | Oq, but M,s" = Oq. Then
w(0ql) = p({s,s',s"}) = 0.5+0.2+ 0.2 = 0.9. According to Definition 19,
M E w(Oq) > 0.9.

Note that, according to Definition 19, a deontic formula is true in a model iff
it holds in every state of the model. This is a consequence of our design choice
that those formulas represent certain deontic knowledge, while probabilistic for-
mulas express uncertainty about norms. Now some definitions of some standard
semantical notions will be given.

Definition 21 (Semantical consequence). Given a set I' of formulas, a formula
0 is a semantical consequence of T (notation: T' |= 0) whenever all the states
s € S of the model M have, if M,s |= 60" for all 8’ €T, then M,s = 6.

Definition 22 (Validity). A formula 6 is valid (notations: |= 0) whenever for
M= (S, Z,u,71) and every s € S: M, s =0 holds.
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Axiomatization The following axiomatization combines the axioms of proof
system D of monadic deontic logic [8] with the axioms of the type 1 probabilistic
logic. The axioms for reasoning about linear inequalities are taken from [2]. The
only axioms that occur in both the axiom systems of MDL and Probabilistic
Logic are modus ponens and Tautologies. These two axioms are generalized
to work for both types of formulas. The axioms of MDL have been added to
the axiom system and depict axioms for deontic formulas ¢. The axioms of
type 1 probabilistic logic also have been added to the axiom system and are
depicted using weight formulas f. The axioms show in this way the Deontic
and Probabilistic deductions that can be made within the M1-P®£Zmodel.

Taut.

MP.

O-K.
O-D.
O-Nec.

I1.
I2.

I3.

I4.

I5.

I6.
I7.

WI.
W2.

W3.
P-Dis.

Tautologies and Modus Ponens

All instances of propositional tautologies.
From 6 and 6 — ¢’ infer 6'.

Reasoning with O:

06— &) = (06 = OF)

O¢p — P¢

From ¢ infer O¢

Reasoning about linear inequalities:
x > x (identity)

(arx1 + ... + agz > ¢) & (a121 + ... + agxp + 02441 > ¢) (adding and
deleting 0 terms)

(@11 + ... + agzr > ¢) = (a5, + ... +aj,xj, > ¢, if ji,..., 5k is a
permutation of 1,..., k (permutation)

(@121 + ... +agzr > ) A (dhzr + ...+ ajxp > ) = ((a1 +al)zr + ... +
(ax + al)zr > (c+¢')) (addition of coefficients)

(a1x1+...+agzr > ¢) < (dayz+...+dagxy, > de) if d > 0 (multiplication
of nonzero coeflicients)

(t>c)V(t<c)iftisa term (dichotomy)

(t>c¢)— (t>d)if tis aterm and ¢ > d (monotonicity)
Reasoning about probabilities:

w(¢) > 0 (nonnegativity).

w(oV @) =w(p) +w(d), if =(¢ A ¢') is an instance of a classical propo-
sitional tautology (finite additivity).

w(T)=1

From ¢ < ¢’ infer w(¢) = w(¢') (probabilistic distributivity)
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The axiom Taut allows all £y pr-instances and £ lep;bg—instances of propo-
sitional tautologies. For example, w(Ogq) > 0.9V —-w(Oq) > 0.9 is an instance of
Taut, but w(Ogq) > 0.9V —w(Ogq) > 1is not. Note that Modus Ponens (MP) can
be applied to both types of formulas, but only if § and 6’ are both from Ly;py,
or both from £ M1-PDL- O-Nec is a deontic variant of necessitation rule. P-Dis
is an inference rule which states that two equivalent deontic formulas must have
the same probability values.

Definition 23 (Syntactical consequence). A derivation of 0 is a finite sequence
01,...,0,, of formulas such that 0,, = 0, and every 6, is either an instance of
an axiom, or it is obtained by the application of an inference rule to formulas in
the sequence that appear before 0;. If there is a derivation of 8, we say that 6 is
a theorem and write = 0. We also say that 0 is derivable from a set of formulas
T, and write T & 0, if there is a finite sequence 61, ... ,0,, of formulas such that
O = 0, and every 0; is either a theorem, a member of I, or the result of an
application of MP. or P-Dis. to formulas in the sequence that appear before 0;.

Note that this definition restricts the application of O-Nec.. This is a stan-
dard restriction for modal necessitation, which enables one to prove Deduction
theorem using induction on the length of the inference. Also, note that only
deontic formulas can participate in a proof of another deontic formula, thus
derivations of deontic formulas in our logic coincide with their derivations in
MDL.

Definition 24 (Consistency). A set I' is consistent if 't/ L, and inconsistent
otherwise.

Now a few basic consequences of AX M1-pDL can be shown. The first one is
a probabilistic variant of necessitation. It captures the semantical property that
deontic formula represents certain knowledge when it is a theorem of deontic
logic , and therefore it must have probability value 1. The third part of the
lemma shows that a form of additivity proposed as an axiom in [2] is provable
in AXlepEQ'

Proposition 1. The following rules are derivable form AXM1—DD2 axiomati-
zation:

1. From ¢ infer w(¢) =1

2. Fw(l)=0
3. Fw(p AY) +w(d A=) = w(e).
Proof.

1. Let us assume that a formula ¢ is derived. Then, using propositional
reasoning (Taut and MP), one can infer ¢ <+ T. Consequently, w(¢) =
w(T) follows from the rule P-Dis. Since we have that w(T) = 1 (by
W3), we can employ the axioms for reasoning about inequalities to infer

w(g) = 1.

2. Then to show that w(L) = 0 using finite additivity (W2) w(T V =T) =
w(T) +w(=T) =1 and so w(-T) = 1 —w(T). Since w(T) = 1 and
—T <> L we can derive w(L) = 0.
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3. To derive additivity: w(¢) = w(p A ¢¥) + w(p A —1); we begin with the
propositional tautology ¥V =) <> =V —p V) > (mpV )V (mgp V1)) +
(P AY)V(p A1) < (¢ A1) A(PpA—)) then the following equation
is given by W2 w(¢p A ) + w(p A ) = w((¢ AY) V (¢ A —)). The
disjunction (¢ A ¥) V (¢ A =) can be rewritten to ¢ A (¢ V =) which
is equivalent to ¢. From ¢ <> (¢ A1) V (¢ A ), using P-Dis we obtain
w(¢) = w(¢ A) +w(d A ).

O

Soundness and Completeness In this section we prove that the given logic
construction is sound and complete with respect to the class of measurable
models, combining and adapting the approaches from [2, 16].

Theorem 1 (Soundness & Completeness). The aziom system AX M1-PDL 18

sound and complete with respect to the class of measurable probabilistic deontic
models. i.e., =0 iff = 0.

Proof. The proof of soundness is straightforward. As an illustration, proof of
soundness of O — K and W3 will be shown.

The axiom O — K gives O(¢p — ¢') — (O¢ — O¢’). To show that this axiom
is sound we consider some model M and some s such that M, s = O(¢ — ¢') and
M, s |E O¢. Then it needs to be shown that Vt € W, if wsRst, then D, t = ¢/'.
So let t in Dy be such that wsRst. Then with the two initial assumptions we get
Dg,t = ¢ — ¢ and Dy, t = ¢. This follows from the operator O’s definition.
Then by detaching — we get Dy, t = ¢’ which shows the axiom is sound.

Also soundness of W3 can be shown; i.e. w(T) = 1. Consider a model
M we show that M = w(T) = 1 holds. Due to the definition of w() we get
M E w(T) =1iff u(]|T|) = 1. Then since every state s € .S has M,s = T it
holds that || T|| = S. Then since the model is defined such that pu(S) =1 we
can conclude that w(T) = 1 is sound.

To prove completeness, we need to show that every consistent formula 6
is satisfied in a measurable model. Since we have two types of formulas, we
distinguish two cases.

If 6 € Lyrpr, we write 6 as ¢. Since ¢ is consistent and monadic deontic logic
is complete [8], we know that there is a MDL model (W, R, V) and w € W such
that (W, R,V),w = ¢. Then, for any probabilistic deontic model M with only
one state s and 7(s) = (W, Rs, Vi), ws) = (W, R,V),w) we have M,s = ¢,
and therefore M = ¢ (since s is the only state); so the formula is satisfiable.

When 6 € L M1-pDL We write 6 as f, and assuming consistency of f we need
to prove that it is satisfiable. First notice that f can be equivalently rewritten
as a formula in disjunctive normal form

f< g V-V,

this means that satisfiability of f can proven by showing that one of the disjuncts
g; of the disjunctive normal form of f is satisfiable. Note that every disjunct is
of the form

r+s

gi = /\ Zaj,kw(¢j,k) >ci N\ /\ ﬁZaj,kw(qu,k) > ¢j

j=1 k j=r+1 k
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In order to show that g; is satisfiable we will substitute each weight term w(¢; )
by a sum of weight terms that take as arguments formulas from the set A
that will be constructed below. For any formula ¢, let us denote the set of
subformulas of ¢ by Sub(¢). Then, for a considered formula we introduce the
set of all deontic subformulas Subypr (@) = Sub(¢) N Lapr,. We create the
set A as the set of all possible formulas that are conjunctions of formulas from
Subyrpr(g:) U{—e | e € Subppr(g:)}, such that for every e either e or —e is
taken as a conjunct (but not both). Then we can prove the following two claims
about the set A:

e The conjunction of any two different formulas ¢ and §; from A is incon-
sistent: F —(d; A &;). This is the case because for each pair of §’s at least
one subformula e € Subyrpr(g;) such that §x Ao - eA—eand eA—e b L.
If there is no such e then by construction §; = d;.

e The disjunction of all ¢’s in A is a tautology: = \/5. 6. This disjunction
is a tautology because it contains for each subformula e € Subypr(gi):
e V —e. To be more specific, there is Ve € Subypr(g:) a 6 and ; such
that the §’s are the same except for e, thus implying T. Indeed, it is clear
from the way the set A is constructed, that the disjunction of all formulas
is an instance of a propositional tautology.

As noted earlier we will substitute each term of each weight formula of g; by
a sum of weight terms. This can be done by using the just introduced set A and
the set ®, which we define as the set containing all deontic formulas ¢; that
occur in the weight terms of g;. In order to get all the relevant §’s to represent
a weight term we construct for each ¢ € ® the set Ay = {6 € A | § - ¢} which
contains all §’s that imply ¢. Than we can derive the following equivalence:

Foe \/ o

dEA,

From the rule P-Dis we obtain

Fw(e) =w(\/ 0).

5€A¢

Then since any two elements of A are inconsistent we can use W2 and using
axioms about inequalities we obtain

Fw( \/ 0) = Z w(9).

sEA, 5€h,

Consequently, we have

5€A¢

Note that some of the formulas ¢’s might be inconsistent (for example, a
formula from A might be a conjunction in which both Op and F(p A q) appear
as conjuncts). For an inconsistent formula §, we have F § <+ L and consequently
F w(d) = 0, by the inference rule P-Dis. This can, using the axioms about linear
inequalities, provably filter out the inconsistent §’s from each weight formula.
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Thus, without any loss of generality, we can assume in the rest of the proof that
all the formulas from A are consistent.

Lets us consider a new formula f’, created by substituting each term of each
weight formula of g;:

r r+s
= ADan D w@zc | nAl N\ 2D e Y w@d) >
=1 k 5D, j=r+l  k 5D,

Then we will construct f” by adding to f’: a non-negativity constraint and an
equality that binds the total probability weight of §’s to 1. In other words, f”
is the conjunction of the following formulas:

sea
V6 e A w(d) >0
Vie{l,...,r} Zaj,k Z w(d) > ¢;
k (sEAd’j,k

Vie{r+1,...,r+s} Zai?k Z w(d) < ¢j
k

6€A¢j,k

Since the weights can be attributed independently while respecting the sys-
tem of equations, the formula f” is satisfiable if the following system of equations
is solvable. With I = {1,...,|A|} and I, ; C I containing the indices of the z;
that correspond with the § € Ay, :

1A
>
i=1
Viel z; >0
vie{l,...,r} Zaj’k Z Ti > Cj
k €T,
Vie{r+1,...,r+s} Zaﬂ?k Z x; < ¢j
k €1,

Since MDL is sound and complete there is for each consistent § there is a
pointed MDL model that satisfies it. We choose the set of states S to consist of
those formulas J, and each such state is connected to the corresponding pointed
MDL model via the identification function 7. The set £ is the power-set of
S which leaves setting the probability measure p to a solution of the system
given above. This means that to prove satisfiability only a solution should be
found that corresponds with the system of equations above. Due to adding
the constraints of probability measures to the representation, we can find a
probability measure by solving the system of linear inequalities f”, using the
axioms for reasoning with inequalities 11-I7. We took f in the beginning of
the proof to be a consistent formula and f is either satisfiable or unsatisfiable.
When the system can be shown to be satisfiable we have proven completeness,
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satisfiability of f is proven when a solution to f” is shown to exist. This is the
case because if f” is solvable then so is f/ which means g; is satisfiable and if g;
is satisfiable then f is satisfiable. Assume no solution to f” exists then —f” is
provable from the axioms I1-17. As just explained f’s satisfiability is equivalent
to existence of a solution to f”. Therefore —f is provable which means that
f is inconsistent. This is a contradiction, and therefore we have to reject the
assumption that f” is unsatisfiable; so we conclude that f is satisfiable. O

3.2 Type 2 Monadic P®L

In this section a second monadic model is developed, instead of using a type
1 probability structure this construction uses a type 2 probability structure.
To do this the language is changed since in this type of probability structure
weight formulas can occur inside weight formulas. The axiomatic system and
satisfaction relation change also due to indexation and the difference in language.
Lastly the model definition changes relatively more rigorously due to the change
in probability structure.

The modified logic will have a probability structure that gives a probability
measure to each agent-state (i, s) pair: (S; s, Zis, lti,s). The probability struc-
ture is extended in such a way that the logic allows formulas relating to Theory
of Mind. For example w;(w;(¢) > a) >  which depicts uncertainty of agent
j about agent i’s uncertainty about ¢, this means that a weight function wy()
includes next to deontic formulas also the weight formulas of other agents in its
domain.

Syntax and Semantics

Definition 25 (Formulae). Let P be a set of atomic propositions. The lan-
guage £M243§311 of type 2 monadic probabilistic deontic logic is generated by
the following two sentences of BNF (Backus Naur Form):

[Lympi] pu=pl=¢|oNd|O¢ pelP
[L‘szpzml] 0:=¢ | arwi(01) + -+ anwi(0n) > a0 [0A0

The construct O¢ is read as "It is obligatory that ¢, and w;() in the construct
M,s E wi(¢) > « stands for "weight according to agent i” and depicts the
probability (certainty/uncertainty) with respect to a deontic formula ¢, agent i
and state s in model M. Both languages also give rise to other connectives as
in definition 17.

Example 2. Following the earlier ezample about protecting life, the fact that a
rules is considered established might be expressed by the probabilistic statement
“the probability that one is obliged to protect life is at least 0.9”. This sentence
could be formalized using the new probability structure as

where the individual referred to as one can be identified with .

Definition 26 (Model). A type 2 monadic probabilistic deontic model is a tuple
M = (S,1, ), where:



3 PROBABILISTIC DEONTIC LOGICS 26

e S is a non-empty set of states

o T associates with each state s € S a tuple containing a monadic deontic
model and one of its worlds: T7(s) = (Ds,ws) where:

— Dy = (Ws, Rs, Vi) a monadic deontic model

— ws € Wy is a world of the monadic deontic model

o P(i,8) = (Sis, Zis, li,s) 15 a function assigning to each combination of
agent (i) and state (s) a probability space where:

— Si,s €8 an arbitrary subset of S that can be interpreted as the set of
states that agent i has conceptions about in state s.
— Zis is a o-algebra of subsets of S; s

— pis © Zis — [0,1] is a standard probability measure as defined in
Definition 10.

Let us illustrate this definition.

Example 2. (continued)

This model type is depicted in Figure 2. The circle on the right contains
the four states of the model, which are measured by probability measures pu; s.
Each of the state-agent pairs is equipped with a standard probability space with
as domain a pointed model of MDL. In this picture the dotted lines represent the
measure L; s for which each edges originates from s and goes to a state in S; 5.
Note that the arrows depict the “good” alternative relation R. If we assume that
q stands for “protect life”, like in the previous example, in all good successors
of wy the proposition q holds.

Assume a finite set of atomic propositions {p,q}. Note we define only the
probabilities attributed by an agent i evaluated at state s. Because of this reason
four probabilities are defined. Let us consider the model M = (S, 7, &), where

° S — {S, S/, SH7 8///}

o P(i,s)
— Si,s an arbitrary subset of S in this case S.
— Zi s is the set of all subsets of S; s

~ i is characterized by: i o({s)) = 0.5, pio({5}) = pis({s"}) =
0.2, i s({s”"}) = 0.1 (other values follow from the properties of prob-
ability measures)

e 7 is a mapping which assigns to the state s, Ds = (Wy, R, Vs) and ws
such that

- WG = {w17w27w37w4}
— Ry = {(w1,w2), (w1, ws), (w2, ws), (w2, ws), (w3, w2), (w3, ws), (wa, ws),
(w4, ws3), (wa, wa)}

- Ve(p) = {wlaw3}} VS(Q) = {w27w3}

— Ws = W1
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Figure 2: Model M = (S, 7, ).

Note that the domain of T is always the whole set S, but in this example
we only explicitly specify 7(s) for illustration purposes.

Next the satisfiability of a formula in a model can be defined. First the truth
of a deontic formula in a state of a type 2 monadic probabilistic deontic model
is given. This definition is in accordance with the standard satisfiability relation
of MDL ):MDL .

Definition 27 (Satisfaction). Let M = (S, 7, &) be a M2 — P®L model, and
let s € S. We define the satisfiability of formula 6 € £M2—Db27 in state s of
model M denoted by M, s |= 0 recursively as follows with ¢ € Lyipy,:

M,s = ¢ iff (Ds,ws) Fmpr ¢-

M,s = aiw;(01) + -+ apw;(0,) > a iff
arpis (01 117%) + - - + anpi s (10,]11%) >

M,sE=—0 iff M,s 0.
M,sE 60, N0 iff M,s |=6; and M, s |= 0.

For a model M = (S,7,2), a formula 0 € ﬁszpZDJb state s and agent i, let

H9||fwS denote the set of states that satisfy 6, from the perspective of agent i in
state s i.e.,

101122 = {s" € S s | M., s =6}

We omit the super- and subscripts from ||0|| M, when it is clear from context. The
following definition introduces an important class of probabilistic deontic models,
so called measurable models. The satisfaction relation shows that in this model
construction formulas 8 can occur as the argument to a weight formula w, this
means that weight formulas can be arguments of weight operators.

Since focus is on measurable structures and completeness is proven for this
class of structures, this class is redefined for type 2 models.
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Definition 28 (Measurable model). A probabilistic deontic model is measurable
if

Il € s
for every ¢ € Lypr.

Example 2. (continued) Continuing the previous example, according to Defi-
nition 27 it holds that M, s = Oq. At this point it is also possible to speak of the
uncertainty of agent i of the obligation to protect life. Assume that T is defined
in the way such that M,s" = Oq and M,s" = Oq, but M,s" = Oq. Then
i s(10q]]) = pis({s,s’,s"}) = 05+0.2+ 0.2 = 0.9. According to Definition
19, M, s E w;(Oq) > 0.9. This can be extended in a similar way to describe
the uncertainty of agent j about the uncertainty of agent i of the obligation to
protect life.

Axiomatization The following axiomatization AX M2-PDL combines the ax-

ioms of proof system D of monadic deontic logic [8] with the axioms of the type
2 probabilistic logic [1]. The axioms for reasoning about linear inequalities are
taken form [2].

Tautologies and Modus Ponens
Taut. All instances of propositional tautologies.
MP. From 6 and 6 — ¢’ infer 6.
Reasoning with O:
O-... see axiomatization in Section 3.1
Reasoning about linear inequalities:
I1.-I7. see axiomatization in Section 3.1
Reasoning about probabilities:
W1. w;(f) > 0 (non negativity).

W2. w;(0 V) = wi(0) + w;(0), if =(0" A6') is an instance of a classical
propositional tautology (finite additivity).

P-Dis. From 6 < ¢ infer w;(6) = w;(0") (probabilistic distributivity)

The axiom Taut allows all of propositional tautologies. Note that Modus
Ponens (MP) can be applied to both types of formulas, since £L/pr, is included
in £ M2—PDL- O-Nec is a deontic variant of the necessitation rule. P-Dis is an
inference rule which states that two equivalent deontic formulas must have the
same probability values.
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Soundness and Completeness In this section it is proven that the construc-
tion M2 — P®L is sound and complete with respect to the class of measurable
models, combining and adapting the approaches from [2, 16, 1].

Theorem 2 (Soundness & Completeness). The aziom system AX M2-PDL 8

sound and complete with respect to the class of measurable probabilistic deontic
models. i.e., -6 iff = 0.

Proof. The proof is a modification of the proof for M1-P®Land is based on
the proof of soundness and completeness in [1] and [2]. To prove completeness,
we need to show that every consistent formula 6 is satisfiable in a measurable
model. The modification of the logic gives iterations of weight formulas of
arbitrary depth, also instead of one measure there is a measure for each agent
and state pair (7, s); for this the proof needs to be adjusted.

For any formula ¢ we will denote the set of subformulas closed under nega-
tion as follows Sub® () = Sub(y)) U {—e | e € Sub(y))}. And we call a set
A a maximal consistent set with respect to a set B when A is maximal and
consistent with respect to B. Consistency is defined in Definition 24 and A is
maximal with regards to B when Ve € B, A contains either e or —e.

Let 6 be a consistent formula of £ M2 PDL Then let S denote the set of

maximal consistent subsets of Sub™(#). And define for each s € S the element
& = /\SES € to be the conjunction of elements in s. Denote the set of elements
&s as follows E = {&, | s € S}. Each of the conjunctions &, € E is identified with
a set s. These sets can then be identified as a state, and S is the set of states
in our model. Furthermore, we define 7 in the following way. By soundness and
completeness of MDL, for each £, there is a deontic model Dy and a world w,
in it such that Ds,ws Eapr €. Then we define 7(s) = (Ds, ws).

Since our probabilistic deontic model is of the form M = (S, 7, &) this leaves
the task of defining & the probability assignment. In such a way that when we
consider the model M, then for every s € S and every formula ¢ € Sub™ (0) we
have M, s = v iff ¢ € s. To do this we will make use of additivity using the
following equivalence:

Foe &

{seS|ypes}

where &, is the ¢ € = that corresponds with state s. Then this leads to the
following equation:

p) = Y (&)

{seS|ypes}

Using this together with 12-14, it can be shown that a probability formula ¢ €
Sub™(0) is provably equivalent to a formula of the form Y _gcspi(s) > b, for
some appropriate coefficients c;.

Using this derivation and by setting an agent i and a state s € S. It is
possible to describe a set of linear equalities and inequalities corresponding to
1, s and 0, over variables of the form z;,,, for s’ € S. We can think of z;,, as
representing y1; ¢(s’), that is the probability of state s’ under agent i’s probability
distribution at state s. For each probability formula 1 € Sub™*(6) we will have
a corresponding inequality. Since v is a probability formula it is equivalent to
Y ses,, Csti(s’) = B with ¢y, 8 € Q. As in the proof in Theorem 1 we can

ses
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observe that by construction each state s contains exactly one of either v and
—1p. When 1 € s then the corresponding inequality is

Z Cs'Tijss’ Z ﬂ

s'esS

When —) € s, then the corresponding inequality is

Z Cs'Tisg < ﬂ

s'esS

This inequality can be constructed for each ¢ € Sub™ (). Then the following
equation constrains the total probability mass to 1 for the measure in state s

belonging to agent i.
Z Liss!' — 1.

s'esS
Finally, this equation gives non-negativity

Vs' €S xi55 >0

As shown in [2] this system of inequalities has a solution z}, , for all s € S;
since each & is consistent.

We build the model by calling for soundness and completeness of MDL. This
means that for each x there is a pointed MDL model in which it is satisfied.
Then for each y we create an s € .S such that it is connected via 7 to the pointed
MDL model in which y is satisfied. The set 2" is automatically generated from
its respective subset of S. The for each i and each s, we solve the corresponding
set of inequalities separately to determine the respective probability measure.
Then & can be defined such that 2(i, s) = (5,2, u; 5), where if A C S, then
Wis(A) = gcaTige- Since Y g xi, = 1, it is easy to see that ;s is indeed
a probability measure. Note that, in the probability space (i, s), every set is
measurable.

As said above, what is left is to show that for every formula ¢ € Sub™*(6) and
every state in S, we have M, s = ¢ iff ¢» € s. The proof proceeds by induction
on . If 9 is a deontic formula the result is immediate from the definition of 7.
The cases where 1 is a negation or a conjunction are straightforward. The case
where v is an i-probability formula follows immediately from the arguments
above, since the appropriate inequality corresponding to 1) is satisfied by p; s.
This means that if the formula 6 is consistent then it must occur in one of the
maximal consistent subsets of Sub™(6) therefore  is satisfiable in a model, and
so the logic is complete. O

3.3 Type 1 Dyadic P®24

In this subsection the definitions are given that change when we instead of using
MDL use DDL in conjunction with the type 1 probability structure of [2] that
was introduced in 3.1. Remember that DDL can be viewed as a generalization
of MDL. The main difference is that DDL uses a dyadic (conditional) Deontic
operator O(¢ly) which means that ¢ is obligatory when ¢ holds. This allows
the ranking of states based on the number of obligations that are not met in each
of the states. This logic will therefore allow formulas that describe uncertainty
with regards to dyadic obligations. This depicts the prevalence of states in
which the dyadic obligation is met.
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Syntax and Semantics

Definition 29 (Formulae). Let P be a set of atomic propositions. The lan-
guage ['lepbl of type 1 dyadic probabilistic deontic logic is generated by the
following two sentences of BNF (Backus Naur Form):

[LppL] pu=pl-g|(@Ad)|Od| 00| O(olg) pelP
(Lo pog]  fr=aw(d) +- - +agw(én) > a | =f [ (fAS)

The construct O¢ is read as "¢ is settled as true”, and O(|p) as " is oblig-
atory, given ¢”. ¢ is called the antecedent, and 1 the consequent. P(|¢) ("
is permitted, given ¢”) is short for ~O(—|¢p), O ("¢ is unconditionally oblig-
atory”) and P¢ ("¢ is unconditionally permitted”) are short for O(¢|T) and
P(¢|T), respectively. Qo is short for =O-¢. And w() in the construct w(d) > «
stands for "weight” and depicts the probability (certainty/uncertainty) with re-
spect to a deontic formula ¢. Both languages also give rise to other connectives
as in definition 17.

Example 3. Following the example used previously, the fact that a rule is con-
sidered established can be expressed by the probabilistic statement “the probability
that one is obliged to protect life is at least 0.4”. This sentence could be formal-
ized using the introduced language as

w(Oq | T) > 0.4.

Definition 30 (Model). A type 1 dyadic probabilistic deontic model is a tuple
M = (S, Z,u,1), which combines dyadic deontic logic models with a type 1
standard probability measure where:

e S is a non-empty set of states
o X2 is a o-algebra of subsets of S

o u: 2 —[0,1] is a standard probability measure as defined in Definition
10.

e T associates with each state in S a tuple containing a dyadic deontic model
and one of its worlds: 7(s) — (Ds,ws) where:

— Dy = (W, =5, V5) is a model of dyadic deontic logic.
— wys € Wy is a world wg in Wy of model D;.

Example 3. (continued) A model of this type is depicted in Figure 3. The
circle on the right contains the four states of the model, which are measured by
w. Fach of the states is equipped with a standard pointed model of DDL. In this
picture, only one of them is shown, the one that corresponds to s. It (1(s)) is
represented within the circle on the left. Note that the alternative relation R is
substituted for a preference relation =4. If we assume that q stands for “protect
life”, like in the previous example, in all best successors of wy the proposition q
holds. Note that, according to Definition 6, this means that in wy proposition q
is considered obligatory ie. O(q|T).

Assume a finite set of atomic propositions {p,q}. Let us consider the model
M= (S, 2, u,T1), where
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° S — {s’ s/7 S//, S//I}
X is the set of all subsets of S

o 1 is characterized by: p({s}) = 0.5, p({s'}) = p({s"}) = 0.2, u({s"'}) =
0.1 (other values follow from the properties of probability measures)

e 7 is a mapping which assigns to the state s, Dy = (Wy, R, Vs) and ws
such that
- Ws = {w17w27w37w4}
opt=, (| T[]) = {w2, w3}
Vs(p) = {w17w3}7 VS(Q) = {w27w3}

— Wg = W1

Note that the domain of T is always the whole set S, but in this example
we only explicitly specify 7(s) for illustration purposes.

Figure 3: Model M = (S, 2", u, 7).

Definition 31 (Satisfaction). Let M = (S, 2", u,T) be a measurable type 1
dyadic probabilistic deontic model. We define the satisfiability relation |= recur-
sively as follows using Eppr,:

e M ¢iffVse S, Ds,ws Eppr ¢

o M= ayw(¢r) + -+ arw(de) 2 a iff arp(l|orl]) + - - + arp((orl)) = o
o M=~fiff M~ f

e MEfAgiff Mi=f and M |= g

Where ||@|| has the same meaning as before namely the set of states that satisfy ¢.
As shown the only difference for satisfaction relations compared to M1 — PDL
is the change from E=ppr to Eppr. As before, we restrict our attention to
the class of measurable models, where we say that a model is measurable if
6™ € 2 for every ¢ € Lppr.
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Example 3. (continued) Continuing the previous example, according to Def-
ingtion 31 it holds that M,s = O(q | T). At this point it is also possible to speak
of the probability of the obligation to protect life. Assume that T is defined in the
way such that M,s' = O(q | T) and M,s" = O(q | T), but M,s"" = O(q | T).
Then u(||Oq)) = u({s,s’,s"}) = 0.2+ 0.2 = 0.4. According to Definition 31,
M,s =Ew(O(q|T)>04.

Axiomatization This axiomatization call it AXDPDZDQ is similar to AXMPDEJI'
The MDL axioms have been exchanged for DDL axioms. The axioms system

of DDL that is used uses a lot more axioms than the axiom system of MDL, it

uses 10 axioms compared to the previously 3 axioms. This is also due to the
inclusion of [J into the logic. For reasoning about probabilities we use the same
axioms as used for reasoning about probabilities in AX M1-PDL

Tautologies and Modus Ponens
Taut. All instances of propositional tautologies.
MP. From 6 and 6 — 0’ infer 6'.
Reasoning with [:
O-K. O(¢p — ¢') = (O¢ — O¢')
O-T. Q¢ — ¢
0-5. -0O¢ — O-0¢
O-Nec. If F ¢ then - Og¢
Reasoning with O(—|-):
COK. O(¢" = ¢"|¢) = (O(¢'|¢) = O(¢"|9))
id. O(¢|¢)
Sh. O(¢"|(¢ A ¢')) = O((¢" — ¢")[¢)
Interplay of O and O(—|—):
Abs. O(¢'|¢) = TO(¢'[9)
Nec. O¢' — O(¢'|¢)
Ext. 0O(¢ ¢ ¢') = (0(¢"[¢) < O(¢"]¢"))
Reasoning about linear inequalities:
11.-I7 see axiomatization in Section 3.1
Reasoning about probabilities:

. see axiomatization in Section 3.1
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Soundness and Completeness Showing soundness and completeness for
D1 — PDL relates to the question of whether the proof of soundness and com-
pleteness of M1 — P®L can be used. The probability structure of these logics
is both the type 1 probability structure. The difference is in deontic logic,
D1 — P®L uses Dyadic Deontic Logic and M1 — P®L uses Monadic Deontic
Logic. When we look at Definition 31 we can see that satisfiability depends
on Eppr. In a similar way we can see that in Definition 19 satisfiability in
M1 —PDL depends on =ppr. This shows that the change from MDL to DDL
affects the proof of Theorem 1 in relation to the construction of 7. To compen-
sate for this instead of calling for soundness and completeness of MDL models
we do so for DDL models.

3.4 Type 2 Dyadic P2

In this subsection the definitions are given that change when we instead of using
MDL use DDL in conjunction with the type 2 probability structure of [1] that
was introduced in section 3.2.

Syntax and Semantics

Definition 32 (Formulae). Let P be a set of atomic propositions. The lan-
guage £D2—Dbll of type 2 dyadic probabilistic deontic logic is generated by the
following two sentences of BNF (Backus Naur Form):

[LppL] pu=p|-d|(dNd)|Tp|0d]0(]9) peP
[Lpy pog]  0:5=¢ [ arwi(6h) +-- + agwi(,) > | =0 |6 A6

The construct O¢ is read as "¢ is settled as true”, and O(|p) as " is oblig-
atory, given ¢”. ¢ is called the antecedent, and v the consequent. P(|¢) ("
is permitted, given ¢”) is short for =O(—|d), O¢ ("¢ is unconditionally oblig-
atory”) and P¢ ("¢ is unconditionally permitted”) are short for O(¢|T) and
P(o|T), respectively. Q¢ is short for -O—¢. And w() in the construct w(¢p) > «
stands for "weight” and depicts the probability (certainty/uncertainty) with re-
spect to a deontic formula ¢. Both languages also give rise to other connectives
as in definition 17.

Example 4. Following the earlier example about protecting life, the fact that a
rules is considered established might be expressed by the probabilistic statement
“the probability that one is obliged to protect life is at least 0.47. This sentence
could be formalized using the type 2 probability structure as

w;(O(q | T) > 0.4.
where the individual referred to as one can be identified with i.

Definition 33 (Model). A dyadic probabilistic deontic model with a type 2
probability structure is a tuple M = (S, 1, &), where:

e S is a non-empty set of states

e T associates with each state s € S a tuple containing a dyadic deontic
model and one of its worlds: T7(s) = (Ds,ws) where:
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— Dy = (W, =4, V5) a dyadic deontic model
— ws € Wy is a world of the dyadic deontic model

o P(i,s) = (Sis, Zis, li,s) is a function assigning to each combination of
agent (i) and state (s) a probability space where:

— Si,s €S an arbitrary subset of S that can be interpreted as the set of
states that agent i has conceptions about in state s.

— Zi s 15 a 0-algebra of subsets of S; s

— Wis @ Zis — [0,1] is a standard probability measure as defined in
Definition 10.

Example 4. (continued) This model type is depicted in Figure 2.

This model construction is depicted in Figure 4. The circle on the right
contains the four states of the model, which are measured by probability measures
Wi,s. Each of the state-agent pairs is equipped with a standard probability space
with as domain a pointed model of MDL. In this picture the dotted lines represent
the measure p; s for which each edges originates from s and goes to a state in
Si,s. Note that the arrows depict the comparison relation =. If we assume that
q stands for “protect life”, like in the previous example, then O(q | T) holds if
we and ws are considered "best”.

Assume a finite set of atomic propositions {p,q}. Note we define only the
probabilities attributed by an agent i evaluated at state s. Because of this reason
four probabilities are defined. Let us consider the model M = (S, 1, &), where

° S — {S,S/,S//,SHI}
o P(i,s)

— S;.s an arbitrary subset of S in this case S.

— Zis is the set of all subsets of S;

— Wi s characterized by: p;s({s}) = 0.5, pis({s'}) = wis({s"}) =
0.2, i s({s”'}) = 0.1 (other values follow from the properties of prob-
ability measures)

e T is a mapping which assigns to the state s, Dy = (Ws, Rs, Vs) and ws
such that

= W = {w1, w2, w3, wy}

— opt= (| T]]) = {w2, w3}

= Vi(p) = {w1, w3}, Vi(q) = {w2, w3}
- Ws = W1

Note that the domain of T is always the whole set S, but in this example
we only explicitly specify 7(s) for illustration purposes.

Definition 34 (Satisfaction). Let M = (S, 7, %) be a dyadic probabilistic de-
ontic model, and let s € S. We define the satisfiability of formula 6 € L, in
state s of model M denoted by M, s |= 6 recursively as follows with ¢ € Lppr,
and Eppr, as before:
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Figure 4: Model M = (S, 7, ).

° M,s ):(i) iﬁDS,wS ':DDL (;5

o M,s = ajw;i(61)+ -+ apw;(0n) > a iff
ai i, (10101Y%) + - -+ anpi s (100]115) > a.

o M,sk=—0iff M,s [~ 6.
e M,sE=0, N0 iff M,s E 0, and M, s |= 6y.

Where ||¢||;,s has the same meaning as before namely the set of states that satisfy
¢ , but in this case is also dependent on state and agent.

Example 4. (continued) Continuing the previous example, according to Def-
ingtion 19 it holds that M, s = O(q | T). At this point it is also possible to speak
of the probability of the obligation to protect life. Assume that T is defined in the
way such that M,s' = O(q | T) and M,s" =0(q | T), but M,s" = O(q| T).
Then pis(]|0qll) = wis({s,s',s"}) = 0.2+ 0.2 = 0.4. According to Definition
19, M,s = w;(O(q | T)) > 0.4: agent i considers in state s the probability of
the obligation to protect life to be greater than 0.4.

Axiomatization Let us call this axiomatization AXD2—DDE in a similar
manner as the previous axiomatizations. All axioms are left out since they
have already been introduced. This axiom systems combines the axioms from
DDL with the axioms that are needed when using a type 2 probability structure.
This results in a total of 23 axioms.

Tautologies and Modus Ponens
Taut. All instances of propositional tautologies.
MP. From 6 and 6 — ¢’ infer 6.
Reasoning with [
. see axiomatization in Section 3.3

Reasoning with O(—|-):
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. see axiomatization in Section 3.3
Interplay of [J and O(—|—):
. see axiomatization in Section 3.3
Reasoning about linear inequalities:
11.-I7 see axiomatization in Section 3.1
Reasoning about probabilities:

. see axiomatization in Section 3.2

Soundness and Completeness As with D1 —P®L the soundness and com-
pleteness of this new construction D2 — P®L is derived from soundness and
completeness of M2 —PDL. Just as when showing soundness and completeness
for D2 — P®L the proof changes in relation to the construction of 7. Therefore
instead of calling for soundness and completeness of MDL models we do so for
DDL models.
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4 Conclusion & Discussion

To round off the project a few things will be discussed and concluded among
which possible further research but also the decisions and considerations in-
volving the construction of the models. But first a summary of the project.
In this project a new logic was constructed based on Deontic Logic and Prob-
abilistic Logic: P®L. Four variants of P®Lwere constructed all based on the
same construction technique but using different variants of Deontic Logic and
Probabilistic Logic. The construction technique used evolves around a function
7 that links Deontic worlds to Probabilistic states. This allows the formulas to
express the central to be formalized notion of this project namely: uncertainty
about obligation. Furthermore this construction method restricts combinations
and nesting of operators O and w in such a way that the notion: Obligatory
uncertainty, is excluded from the language. The first variant of P®Lcombined
Monadic Deontic Logic with type 1 Probabilistic Logic formalizing the notion
of uncertainty about obligations. The second variant used type 2 Probabilis-
tic Logic and in doing so allowed uncertainty about someone else’s uncertainty
about obligations. Then the other two variants generalized the previous two
variants by using Dyadic Deontic Logic instead of Monadic Deontic Logic. This
change allowed uncertainty about conditional obligations.

Possible further research on this logic could involve defining multiplication
and division on the weight terms. Explicitly including this in the logic is neat,
also it is feasible since it is implemented in [2]. In [2] conditional probabilities
are implemented, these follow from multiplication and division and could also
be included in the framework. Another interesting modification is to change the
standard probability measure into a non-standard probability measure, this is
not trivial and is worthwhile with respect to expressiveness. In a more practical
sense M1 —PDL could be used in such a way that a M1 —P®DL model is created
for each agent in a group of agents thus extending it for the multi-agent case.
Furthermore the learning process could be made tangible by implementing it
with for example Bayesian updating behind it. Lastly Machine Learning might
be applied to the solution space of a system of inequalities. This could lead
to clusters of solutions. On a side note MDL and probabilistic logic seem very
compatible with preferential reasoning as in [7] looking into other correlations
between the logics can be of value.

The deontic operator O and the weight function w() have been combined
into formulas. Two combinations between O and w() are syntactically possible
namely: O(w(¢) > «) and w(O¢) > «. In this project the idea was to for-
malize uncertainty about obligations. This can be understood as going from an
uncertain perception of an obligation to a certain perception of an obligation.
To express degrees of certainty and uncertainty we used w() weight terms and
to express obligations we used O the deontic modal operator. This means that
for our purpose w(O¢) is the type of combination we wanted, and this is also
exactly the way uncertainty/certainty about obligations was formalized. The
idea to use 7 came to mind when it was determined that a deontic model and
world (Ds,ws) were needed inside the probabilistic model to evaluate deontic
formulas. By letting 7 map pointed deontic models (Ds,w;) to probabilistic
states s it was possible to neatly fit everything needed for the logic in a tuple
M. Furthermore the benefit of this method is that the deontic and probabilistic
formulas constrain the logic exactly to those formulas of the type needed.
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The formulas that are due to 7 restricted are obligations about weight terms.
They are prohibited due to the way 7 functions but also and more fundamentally
because the semantics is difficult to get right. The challenge with the semantics
is to define it such that both O(w(8) > «) and w(O¢@) > « are interpretable
in a meaningful way. Since the logic is meant to describe "uncertainty about
obligations” we have to use that interpretation for O and w(). This means that
the prohibited type of formula has to be read as an ”obligation about uncer-
tainty”. To include such formulas in the logic there need to be proper ”things”
in the real world that can be described by it. An example could be to express
that it is an obligation to be uncertain about another persons motives. This
sentence is still rather difficult and leaves room for speculation of its viability.
Furthermore the example does not fit well with the notion the logic is created
for: uncertainty about obligations. Possible domains where rules occur involv-
ing uncertainty or probability are Chance Games and Quantum Mechanics. A
possible interpretation of O(w(¢$) > a) could then be the theoretical probability
that a process generates ie. what the probability of an event should be. With
this I mean the probability to which the empirical probability of an event con-
verges when obtaining ever more data of the event. In the case of throwing
a dice the probabilities of each face converge to 1/6 when taking an infinite
number of throws. This is what the probability of the event should be but not
necessarily the probability that is measured after a finite number of dice throws.

When it is attempted to create a logic that does allow interaction between
the deontic and probabilistic operator. The semantics of the operators should
be the first class citizens, because it is difficult to find an interpretation that
remains meaningful for both formulas. Even though constructing such a logic
seems feasible (in [1] it is done with epistemic logic) from the perspective of
models; thought it is difficult to get passed the semantic inflection that occurs
when the operators change order. Also when considering the logic with regards
to a domain it will be wise to first check whether the extra formula O(w(¢) > «)
is actually needed. This in regards to projection of this formula onto the now
usable w(O¢) > « type of formulas. In which case it is advisable to use a variant
of P®L. Furthermore when giving semantics to O it should be considered what
O really means is it an action or a rule that simply holds. Also it can be
considered where the Deontic formulas actually come from i.e. does an agent
create them or are they learned or uncovered.

Ultimately P®Lcan compare the weights given to rules. It does so by ”im-
porting” standard pointed deontic models —using a function called ”7”— into a
probabilistic model and attributing probability to the formulas using a standard
probability measure.
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